MOURAD CHOULLI
Unless otherwise stated, Ω is a C ∞ bounded domain of R 2 so that its boundary Γ is the union of two disjoint closed subsets with nonempty interior, Γ = Γ 1 ∪ Γ 2 .
We considered in [2] the stability issue for the problem of determining the boundary coefficient q, appearing in the BVP (1)
from the boundary measurement u |γ2 , where γ 2 is an open subset of Γ 2 . Our proof of [2, Theorem 2.1] is partially incorrect. We rectify here this proof. We precisely establish a stability estimate of logarithmic type for the inverse problem described above. Contrary to the result announced in [2, Theorem 2.1], we do not know whether Lipschitz stability, even around a particular unknown coefficient, is true. Note that Lipschitz stability around an arbitrary unknown boundary coefficient is false in general as shows the following counter example in which Ω = {1/2 < |x| < 1}, Γ 1 = {|x| = 1/2} and Γ 2 = {|x| = 1}. Let, in polar coordinates system (r, θ),
By straightforward computations we check that u and u k are the solutions of the BVP (1) respectively when
and f = 1. By simple calculations,
To our knowledge, the only case where Lipschitz stability holds is when q is assumed to be a priori piecewise constant. We refer to [6] for more details. Throughout, the unit ball of a Banach space X is denoted by B X and
For sake of clarity, we start our analysis with stability around a particular boundary coefficient. To this end, fix 0 < α < 1 and, for 0
According to the strong maximum principle and Hopf's lemma (see for instance [4] ), ∂ ν w < 0 on Γ 1 .
Let
and set u 0 = 1 + w. Then it is straightforward to check that u 0 is the unique solution of the BVP
An application of Green's formula leads
defines an equivalent norm on H 1 (Ω), we derive from (2)
for some constant κ 0 depending only on Ω and f . As y is also the solution of the BVP
we get from the usual a priori estimates for non homogenous BVP's (see [5] ) that there exits a constant κ 1 , depending only on Ω and f , so that
In other words, we proved that
For q ∈ L 2 (Γ 1 ), define the operator H q as follows
If κ is the norm of the trace operator
In light of the identity
Note that according to (6)
Observe that (7) yields
Let γ 1 be a nonempty open subset of Γ 1 so that Γ 1 \ γ 1 is nonempty. Define L 2 γ1 (Γ 1 ) as the set of those functions p ∈ L 2 (Γ) so that supp(p) ⊂ γ 1 . We can mimic the proof of [2, Propoistion 2.1] to show that the mapping
Similarly to the proof of [2, Lemma 2.1], we prove that N is an isomorphism. Therefore, by the implicit function theorem, there exists U ⊂ U so that Φ −1 is Lipschitz continuous, on V = Φ( U ∩ L 2 γ1 (Γ 1 )), with Lipschitz constant less or equal to 2 N −1 . That is
Let k be a positive integer, s ∈ R, 1 ≤ r ≤ ∞ and consider the vector space
where S ′ (R k ) is the space of temperated distributions on R k and w is the Fourier transform of w. Equipped with the norm
(Ω) and
Here and henceforth, C 0 is a constant depending only on Ω, f and m.
But in dimension two
extended by continuity at 0 by setting Ψ(0) = 0.
Let γ 2 be a nonempty open subset of Γ 2 . According to [3, Proposition 2.7], there exists a constant C > 0, depending only on Ω, f , m and γ 2 , so that
We can now combine (9) and (12) in order to obtain
We sum up our analysis in the following theorem, where we used the fact that
, depending on f , Ω and γ 1 with the property that, if m > 0 is chosen in such a way that
we find a constant C > 0, depending on f , m, Ω and γ i , i = 1, 2, so that
We now discuss briefly the stability around an arbitrary q 0 . Let then q 0 ∈ L ∞ (Γ 1 ) be non negative and non identically equal to zero and let f ∈ L 2 (Γ 2 ) be non identically equal to zero. Denote by u 0 ∈ H 3/2 (Ω) the solution of the BVP    ∆u = 0
in Ω,
As it is observed in [2] ,
Slight modifications of the preceding analysis allow us to prove the following result Theorem 2. Let f ∈ H 3/2 (Γ 2 ), f ≡ 0, 0 ≤ q 0 ∈ L ∞ (Γ 1 ), q 0 ≡ 0, K a compact subset of Γ 0 so that Γ 1 \ K = ∅ and γ 2 be a nonempty open subset of Γ 2 . There exists a neighborhood U of q 0 in L 2 (Γ 1 ), depending on f , Ω and K with the property that, if m > 0 is chosen in such a way that
we find a constant C > 0, depending on f , m, Ω, K and γ 2 , so that
Observe that, as in [2] , the last theorem can be extended to the case where ∂Γ 1 ∩ ∂Γ 2 = ∅.
In the most general case, in dimensions two and three, we can prove a stability estimate of triple logarithmic type (see [3, Theorem 4 .9]).
